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Abstract 
In this paper we present a stochastic route choice model for transit networks, which explicitly addresses route correlation due 
to overlapping in the alternatives. The model is based on a multi-objective mathematical programming problem, which 
optimality conditions generate an extension to the Multinomial Logit models. The model proposed considers a fixed point 
problem for treating correlation between routes, which can be solved iteratively. We estimated the new model on the Santiago 
Metro network and compared the results with other route choice models that can be found in literature. The new model has 
better explanatory and predictive power, correctly capturing the correlation factor. Our methodology can be extended to 
private transport networks. 
 
© 2012 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Program Committee. 
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1. Introduction 
For a long time, trip assignment (or route choice) modelling has assumed that travellers minimize their 
generalized travel cost under assumptions of perfect knowledge of the network (this is, its complete topology and 
costs for any flow levels) (Wardrop, 1952; Beckmann et al., 1956). Evidently, even in small networks, these 
strong assumptions can lead to inadequate results. Nevertheless, given the simplicity in the application of this 
modelling approach, especially for dense networks, many transit planners still use these deterministic models (De 
Cea and Fernández, 1993; Florian and Hearn, 2001). 
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Given that not all travellers have perfect information or perceive the alternatives equally, it is necessary to 
consider randomness/uncertainty when modelling the travellers’ decisions (Daganzo and Sheffi, 1977; Ramming, 
2001). The stochastic models that arise are an extension of the traditional deterministic models, allowing the 
modeller the treatment of different perceptions and preferences from the travellers. One of the most relevant 
issues that can be captured by these stochastic models is the correlation between routes: when two or more routes 
overlap significantly, the traveller might not perceive them individually. 
In this study we formulate a new route choice model for transit networks that simultaneously and explicitly 
treats the information/perception of the travellers and the route correlation problem due to overlapping. In Section 
2 we present a brief review of the literature related to our route choice model; in Section 3 we present the 
analytical development of our model; in Section 4 we present an application of our model to a medium size transit 
network, comparing the results with other models used in practice; and finally in Section 5 we present our main 
conclusions. 
2. Literature Review 
In the literature, there are multiple route choice models based on the perceived attributes (rather than their 
actual measurements) and socio-demographic characteristics of the travellers (Dial, 1971; Daganzo and Sheffi, 
1977; Ramming, 2001; Prashker and Bekhor, 2004). In these models the choice variability comes from the 
modeller’s lack of information regarding the actual decision making processes. Therefore, it is of interest to 
model and include additional information to reduce the intrinsic variability. 
To obtain the probability pwP  of choosing route p between a set 
wp  of routes, when travelling between origin-
destination (OD) pair w, discrete choice models can be used, on which the cost that the travellers perceive ( pwC ) 
is given by (1). 
 
p p p
w w wC c ε= +                  (1) 
 
This way, the perceived cost consists of a deterministic component ( pwc ) and a random component ( pwε ). This 
random component can be interpreted in various ways; a possible way is assuming that it is a perception error 
from the travellers that comes from their limited information. In that case, pwc  would be the average costs of the 
route. The analytical expression for the probability pwP  will depend on assumptions regarding the distribution of 
the random terms. If we assume that all pwε  are independent and identically distributed Gumbel with a factor 
scale θ > 0, then a Multinomial Logit (MNL) model is obtained. In that case, the choice probabilities will be 
given by (2). 
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An equivalent mathematical programming problem for the stochastic route choice model (2) is the one 
presented in (3), where wT  is the total number of trips between OD pair w (exogenous demand) and pwh  is the 
flow on route p ( p pw w wP h T= ). The first term of the objective function minimizes the total perceived cost and the 
second term maximizes the probabilistic entropy of the trip assignment. 
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The main limitation of this model is the absence of a correlation structure due to route overlapping. The 
assumption of independence between the random components pwε  is, therefore, unrealistic. Traditional extensions 
to the MNL model that assume correlated random components (e.g. Nested Logit models) are difficult to adapt to 
a route choice context and often result on inadequate assignment results. 
Cascetta et al. (1996) and Cascetta et al. (2002) propose a C-Logit model (an extension of the traditional MNL 
model) that explicitly addresses the correlation among alternatives, without increasing the complexity of the 
application to large networks. The basic idea is to treat the interdependency of the routes through a “commonality 
factor” (CF) that corrects the perceived costs. The general structure of the model, given by (4), is the one of a 
MNL model. 
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p
wCF  is the commonality factor for route p between OD pair w, which can be defined by (5). β is a parameter 
to be estimated, la is the length of link a, Lp is the total length of route p, and δar is 1 if link a belongs to route r or 
0 if not. Alternative specification for pwCF  can be found on Prato (2009). 
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Ben-Akiva and Ramming (1998) propose a Path Size Logit (PS-Logit) model, which addresses route 
correlation similarly to the C-Logit, through a “path size correction factor” (PS). In this case, the structure of the 
model is given by (6). 
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p
wPS  is the path size correction factor for route p between OD pair w, which can be defined by (7). The 
variables are the same that were used to define the C-Logit’s commonality factor. Alternative specification for 
p
wPS  can be found on Bovy et al. (2008) 
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In Section 3 we develop and present a new route choice model that deals with route correlation due to 
overlapping, based on a mathematical programming problem with quadratic that generates a fixed point problem. 
3. Fixed Point Route Choice Model 
The mathematical programming problem for our proposed stochastic route choice model is an extension of (3) 
given by (8). 
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The first two terms of the objective function come from (3). The third term incorporates explicitly the 
correlation between routes based on its flows. pqwη  is a exogenous degree of correlation (limited to the interval 
[0,1]) between routes p and q. pqwη  can be defined in various ways (Cascetta et al., 1996; Yai et al., 1997; 
Ramming, 2001). 
The solution to (8) is given by (9), which can be seen to be an extension of the MNL model. Nevertheless, 
variables pwh  (or equivalently pwP ) appear on both sides of the expression, resulting on a fixed point model. 
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The implementation of route choice model (9) is not trivial, as two simultaneous challenges arise: the 
estimation of parameters θ and ρ, and the resolution of the fixed point equation. As there is endogeneity in the 
model (variables pwh  appear on both sides of the expression), it is not possible to estimate the parameters using 
traditional methods as Maximum Likelihood Estimation (MLE), as the MLE assumption of independence in the 
marginal probability functions (from which the likelihood functions are obtained) does not hold. 
To estimate the model, a sequential method with proxy variables is proposed. To eliminate the endogeneity in 
(9), and be able to use MLE, the endogenous variables pwh  can be replaced in the right side of the expression by 
an exogenous proxy variable highly correlated to pwh  (Greene, 2008). An initial proxy variable for pwh  can be 
0p
wh , defined by (10). 0pwh  is a traditional MNL model, presented in (2), that can be easily estimated using MLE. 
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Once 0pwh  has been estimated, it can be introduced as a proxy variable of the flows 
p
wh  in the right side of the 
fixed point model, as shown in (11). Note that now the flows on the right and left sides of the expression are 
different (therefore, there is no endogeneity). Unlike (9), the parameters of (11) can be estimated using MLE 
(Raveau et al., 2011). 
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1p
wh  can be defined as a new proxy variable, and the model can be re-estimated to obtain a new set of 
parameters. This procedure can be repeated iteratively until some convergence criterion is reached. A general 
expression for this procedure in iteration n is given by (12). 
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Convergence will be reached when ( ) ( )1q n q nw wh h −≈ , as the fixed point problem would have been solved. 
Equivalently, the model would have converged when ( ) ( )1n nθ θ −≈  and ( ) ( )1n nρ ρ −≈ . 
 
If we consider cost functions that are susceptible to congestion, using Beckmann’s Transformation (Beckmann 
et al., 1956) problem (8) can be extended to (15), where fa is the flow on link a. 
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The solution to (15) is given by (16), where now ( )ˆ pw a a
wp p
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The model obtained has endogeneity from the correlation term and also in the route cost (which depends on 
the route flows). The model can be estimated extending the iterative process presented for the uncongested transit 
networks. 
4. Case of Study: the Santiago Metro Network 
Our application example corresponds to route choice in the Metro network of Santiago, Chile (i.e. choice of 
successive transfer points and lines between the origin and destination stations), where a significant amount of 
OD pairs have more than one reasonable route to be used. Only peak-hours trips (7:00 to 9:00 and 18:00 to 20:00) 
were considered for the analysis. On those periods, approximately 790,000 trips are made in the Santiago Metro, 
44% of which require transferring. When no transfers are required there is no route choice, as all travellers will 
take the line that connects the origin and destination. 
The information regarding travel choices was obtained from an OD survey conducted in October, 2008. On 
that survey, information regarding 92,800 travellers (12% of the total) was gathered. For the analysis, only those 
trips between OD pairs with two or more used routes were considered, obtaining 16,029 observations for the 
model estimation (40% of transferring travellers). On 2008, the Santiago Metro network had 5 lines and 85 
stations, 7 of which were transfer stations. Of the total 7,140 possible OD pairs, on 4,985 (i.e. 70%) is necessary 
to transfer. From those OD pairs, 1,365 present two or more used routes. 
The generalized perceived cost was defined as (13), based on two attributes: the number of transfers, and the 
total travel time (sum of in-vehicle time, waiting time and walking time). As the Santiago Metro has a flat fare, it 
was not possible to include any monetary attribute. 
 
p p p
w transfers w time wc Transfers Timeβ β= +              (13) 
 
The degree of correlation pqwη  was defined according to (14) (Yai et al., 1997), where pwD  is the length of 
route p and pqwd  is the common length of routes p and q. 
 
pq
pq w
w p q
w w
d
D D
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Four different models where estimated, and statistically compared: 
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• A Multinomial Logit Model (MNL), which only considers the perceived cost and does not address the 
correlation between alternative routes. 
• A C-Logit Model, with commonality factor. 
• A Path Size Logit Model (PSL), with a path size correction factor. 
• Our proposed Fixed Point Model (FPM), with a fixed point term for correlation. 
 
Our proposed route choice model converged after only 4 iterations, with a tolerance level of 0.01% (i.e. the 
relative error on the fixed pint equilibrium is less than 1 over 10,000). The results are presented in Table 1. Under 
each estimate, its t-value is shown. In the C-Logit, the correlation parameter corresponds to the β related to the 
CF; in the PSL, the correlation parameter corresponds to the β related to the PS; in the FPM, the correlation 
parameter corresponds to θ/ρ related to the correlation term. 
On the four estimated models, the parameters for the number of transfers and the total travel time are 
statistically significant and have the expected sign. Based on the models’ definitions, all the parameters for 
correlation should be positive, but only the FPM presents a high statistical significance and the correct sign. Both 
the C-Logit and the PSL fail to capture the correlation between alternatives due to overlapping, and are 
statistically equivalent to the limited MNL model. The FPM provides a considerable improvement in goodness of 
fit (log-likelihood and adjusted ρ2). 
Table 1. Estimation results for the Santiago Metro network 
Parameter MNL C-Logit PSL FPM 
Number of Transfers 
- 1.140 
( - 48.44 ) 
- 1.144 
( - 48.43 ) 
- 1.144 
( - 48.42 ) 
- 0.924 
( - 35.36 ) 
Total Travel Time 
- 0.141 
( - 47.20 ) 
- 0.142 
( - 44.68 ) 
- 0.141 
( - 43.96 ) 
- 0.117 
( - 37.15 ) 
Correlation n. a. 
- 0.081 
( - 0.57 ) 
- 0.101 
( - 0.68 ) 
0.062 
( 14.98 ) 
Log-Likelihood - 7,381 - 7,380 - 7,380 - 7,235 
Adjusted ρ2 0.362 0.362 0.362 0.374 
 
Additional to the goodness-of-fit indicators, forecasting indicators were also obtained. As the C-Logit and PSL 
models are statistically equivalent to the MNL model, they were not included in this analysis. The indicators 
considered (Copas, 1989; Wasserman, 2006) are the Percent of Correct Predictions (PCP), the Residual Sum of 
Squares (RSS) and the Weighted Residual Sum of Squares (WRSS). Table 2 shows the results for the MNL and 
the FPM. On all indicators the FPM is superior to the MNL (and therefore to the C-Logit and PSL models). This 
way, our proposed model not only captures the correlation between routes for the Santiago Metro (unlike the 
other models estimated), but also has advantages for the analysis, forecasting and valuation of transport policies. 
Table 2.- Forecasting indicators 
Indicador MNL FPM 
PCP 80.60 80.72 
RSS 2,328.6 2,292.5 
WRSS 30,976.2 19,803.1 
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5. Conclusions 
In this paper we presented a new stochastic route choice model for transit networks (extendible to private 
transport networks) that explicitly considers route correlation due to overlapping. For this, a multi-objective 
mathematical programming problem was developed, which optimality conditions result on a fixed point extension 
of a traditional Multinomial Logit model. The proposed model can be estimated iteratively using proxy variables, 
as the presence of endogeneity prevents the direct application of classical estimation techniques. 
The proposed model was compared with other route choice models found on literature, being applied to the 
Santiago Metro network. The results show that the proposed model can correctly capture correlation between 
alternatives and is statistically superior to all other models. 
Although the proposed model presents an additional estimation complexity, as an iterative parameter 
estimation process is needed, in practice the method rapidly reaches convergence. The potential advantages of the 
proposed model could be analysed un large size networks, and also tested in private transport networks. 
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